Scale dependence at the level of the effective action is a generic result of quantum field theory. Allowing for scale dependence of the gravitational couplings leads to a generalization of the corresponding field equations. In this work, those equations are solved by imposing the "null energy condition" in three-dimensional space time with stationary spherical symmetry. The constants of integration are given in terms of the classical BTZ parameters plus one additional constant, that parametrizes the strength of the scale dependence. The properties such as asymptotics, horizon structure, and thermodynamics are discussed. It is found that the black hole entropy shows a remarkable transition from the usual "area law" to an "area × radius" law.
A. The classical BTZ solution without scale dependence
In this subsection the key features such as line element and thermodynamics of the classical BTZ black hole solution [4, 5] will be listed. This summary will be limited to the case of zero angular momentum.
In the metric formulation the gravitational action in three dimensions
gives the equations of motion
where Λ 0 is the cosmological constant and G 0 is Newton's constant. For the non rotating BTZ solution, the line element takes the form
with
where Λ 0 = −1/ℓ 2 0 and M 0 is the mass of the black hole. For this solution the black hole entropy and temperature read
B. Scale dependent couplings
This subsection summarizes the equations of motion for the scale dependent space-times in three dimensions. The notation and scale setting procedure is according to [59] [60] [61] [62] [63] .
The scale dependent effective action is
By varying (6) with respect to the metric field one obtains
The effective stress energy tensor T µν contains the actual matter contribution T m µν and a contribution ∆t µν induced by the possible coordinate dependence of G k [59] 
where
By varying (6) with respect to the scale-field k(x) one obtains the algebraic equations R ∂ ∂k
The above equations of motion are consistently complemented by the Bianchi identity, reflecting invariance under coordinate transformations
II. SCALE DEPENDENT SOLUTION WITHOUT ANGULAR MOMENTUM
Let us now turn to solving the system of equations (7-11) assuming a stationary space-time with rotational symmetry and no angular momentum. The most general line element in agreement with this symmetry is
Apart from the two functions f (r) and g(r), the system has to be solved for the scale field k(r). In principle this is possible, as soon as the functional form of the scale dependent couplings G k and Λ k is known, for example from some Functional Renormalisation Group (FRG) equation. Those functions have been calculated by using various methods and approximations. However, it has up to now not been possible to obtain an exact and scheme independent expression of the effective average action. Therefore, the functional form of Λ k and G k is subject to very large theoretical uncertainties. This problem is aggravated by the fact that most functional forms of Λ k and G k are either only valid in the UV or in the IR. Given those drawbacks we will proceed with a method that has been previously applied in four dimensions [59] [60] [61] [62] : The first step is to realize that the only appearance of the scale field k(r) is within the couplings and that for any solution of the system the functions Λ k and G k will inherit a radial dependence from k(r). Thus, one might try to solve the system for {f (r), g(r), Λ(r), G(r)} (instead of solving for {f (r), g(r), k(r)}). However, since one dealt one unknown function k(r) for two unknown functions Λ(r) and G(r), the system is underdetermined. In order to obtain a determined system again one has to impose an additional condition. We therefore stress that in this approach, we shall make no attempt to fix the renormalization scale k = k(r). Our strategy is converse: regardless of the specific form of k(r), any running-coupling solution will inherit a spatial coupling dependence. Any solution to Einstein's equations that is static, spherically symmetric and fulfills the nullenergy condition (see below) must belong to the family of configurations described below. They are determined by four integration constants.
A. The null energy condition (NEC)
The most common type of conditions in classical general relativity are energy conditions [64] [65] [66] , where one typically distinguishes between the dominant, weak, strong, and null condition. The less restrictive of those conditions is the null condition, which states that for a null vector field l ν the matter stress energy tensor satisfies
Since we are interested in black hole solutions it is crucial to note that the energy condition (13) is actually necessary for the proof of fundamental black hole theorems such as the no hair theorem [67] or the second law of black hole thermodynamics [68] . Therefore, if one is looking for black hole solutions that are in agreement with those two fundamental theorems, it is natural to impose that appearance of scale dependence does not spoil or alter this property for the effective stress energy tensor
A physical interpretation of this condition is that one imposes that not even a light-like observer can observe a difference between the energy density due to the presence of matter and the effective energy density due to the combined matter and scale dependence effects. The relation (14) holds if one maintains the standard matter condition (13) and one further imposes that the extra contribution to the stress tensor (9) induced by the variation of the couplings satisfies
In a spherically symmetric setting one can solve this condition for the scale dependent coupling (12) without the use of the equations of motion (7) giving
where a and r 0 are constants. The next step consists in finding the metric functions f (r) and g(r) which appear in this integral. This can be achieved by a straight forward argument following Jacobson [69] : one can choose the null vector field to be l µ = √ g, √ f , 0 . Combining the equations of motion (7) for this vector field with the condition (14) gives in regions without external matter (T m µν = 0)
and thus f ∼ 1/g. By making use of time reparametrization invariance, this allows to write f (r) = 1/g(r), which corresponds to the so called Schwarzschild relation. It is interesting to note that this common relation further ensures that the radius coordinate is an affine parameter on the radial null geodesics [69] . With this relation the line element is
and the equations of motion can be completely solved for the three functions {f (r), Λ(r), G(r)}. The necessity of imposing an additional condition arises due to the fact that we avoid using an ansatz for G k and Λ k , (with an additional field variable k(r)). Instead we are dealing directly with G(r) and Λ(r) and thus need an additional constraint. In [52] , for the case of a spherically symmetric solutions, this additional constraint was chosen to be the usual Schwarzschild relation f · g ≡ 1, which can be derived from the null energy condition (15) . However, as discussed above, the null energy condition has a stronger physical motivation and a broader applicability, allowing to go beyond spherically symmetric black holes.
B. A non-trivial solution for scale dependent couplings
Based on (14) one finds that the equations (7) are solved by
where G 0 , M 0 , ℓ 0 , ǫ are four integration constants. This represents a family of solutions that includes the classical BTZ black hole: the choice of the integration constants was made by demanding that the classical BTZ solution is recovered when one dimensionless constant (labeled ǫ) vanishes. Indeed, one easily verifies that
which justifies the naming of the constants (G 0 , M 0 ,
) in terms of their meaning in the absence of scale dependence. The connection between the new solution and the BTZ solution is given in terms of the difference between the "running" G(r) and the fixed G 0 . One further verifies the transition to empty AdS 3 space for the classical "mass gap" relation
Note that in this limit, all dependence on ǫ vanishes. Thus, AdS 3 constitutes the appropriate vacuum of the theory, which is invariant under perturbations due to the running of the couplings controlled by ǫ. In terms of the RG flow, this suggests that AdS would be a fixed point of the RG group. Note further that M 0 is the mass of the black hole only if ǫ → 0, while for ǫ = 0 it is much harder to determine the mass. We will come back to this point at the end of section II. Since the constant ǫ controls the strength of the new scale dependence effects, in some cases it is useful to treat it as small expansion parameter In figure 1 the lapse function f (r) is shown for different values of ǫ in comparison to the classical BTZ solution.
As can be seen in the solution (19)- (21), one observes that f (r) is monotonically growing for all chosen values of ǫ, that lim r→0 f (r) = −G 0 M 0 independent of ǫ, and that all functions grow as ∼ r 2 for large values of r. One further notes that, even though lim ǫ→0 f (r) = −G 0 M 0 + r 2 /ℓ 2 0 , the first derivative of f (r) at the origin is strongly dependent on ǫ. As discussed below, the non vanishing of this derivative induced by ǫ produces a curvature singularity at the origin proportional to ǫ.
C. Asymptotic space-times
For small radial coordinate a new singularity appears, which is absent in the classical BTZ solution. This can be verified by evaluating for example the invariant Ricci scalar for the metric ansatz (18)
in the limit of r → 0. One finds that the leading terms are
This quantity is divergent for ǫ = 0 and it is finite for ǫ = 0. In particular, when ǫ = 0 one recovers the classical Ricci scalar for BTZ solution R 0 = −6/ℓ 2 0 . It is surprising that allowing for scale dependent couplings results in the appearance of a singularity, which was absent in the classical solution. This effect was also observed in [52] [53] [54] [55] [56] 58] . The reason is that only a very particular class of lapse functions renders the Ricci scalar finite at the origin. This can be seen by solving the relation (25) for finite and constant R = b at r → 0. The solution to this is
This shows that any lapse function which has a linear term in r (or any other power r n with n ≤ 2 and n = {−1, 0}) necessarily produces a divergence in the Ricci scalar at r → 0. For the solution (20) , the problematic linear term can be seen in the expansion (24) .
Concerning the limit r → ∞, the exact solution (20) is asymptotically AdS 3 : f (r) ∼ 
When 19) that the behavior of G(r) possesses two very different regimes: for ǫr(1 + M 0 G 0 ) ≪ G 0 , it behaves effectively as a constant G 0 , while for ǫr(1 + M 0 G 0 ) ≫ G 0 it falls to zero. To consider this latter non-standard regime, one performs an expansion of the lapse function (20) , where the smallness parameter is
G0 ≪ 1. This yields, at first order,
where ℓ 0 remains arbitrary. We shall use this approximation for the analysis of the next sections.
D. Horizon structure
Horizons are crucial for understanding the structure of a black hole. Unfortunately, the zero of the lapse function (20) implies a transcendental equation for r, which can not be solved analytically. We approach this problem in three different ways: First, we study the leading corrections with respect to the classical regime (ǫ small). Second, we focus on a specific region of parameter space that exhibits a particularly interesting strong scale dependence effects, namely G(r)/G 0 ≪ 1, that display some novel features. Third, those two approaches are compared with a numerical analysis.
• Expansion in ǫ ≪ 1: For weak scale dependence one can use the expansion (24), for which one finds the horizon
Unfortunately, an analytic result is again limited to order ǫ. One sees that the scale dependence tends to decrease the apparent horizon radius.
• Expansion in G(r h )/G 0 ≪ 1: from (19), Newton's coupling evaluated at the horizon will be much smaller than its classical value provided that
In this limit the horizon can be obtained from (29) . It is the real root of
For consistency, this must satisfy (31) . Therefore, (31) and (32) will hold valid if the parameters satisfy the condition:
A particularly interesting region of the parameter space is M 0 G 0 ≫ 1. Indeed, provided that (33) is satisfied in this limit, namely, if
then, the radius of the horizon converges to a finite value,
We thus see the crucial difference with its constant-coupling counterpart: for a fixed cosmological constant, the radius of the horizon remains finite as M 0 → ∞. In the light of this result one should keep in mind that M 0 is only the mass parameter for the classical solution and it is not the actual mass of the black hole. However, in the next section we show that for the particular case when (34) is valid, the physical mass indeed diverges as M 0 → ∞, and nevertheless the horizon remains at finite constant distance from the origin (note however that, as ǫ → 0, the horizon radius becomes unbounded). We shall come back to this case below.
• Numerical analysis: For given values, the above analytical estimates can be compared with a numerical solution of f (r) ! = 0. In figure 2 the horizon r h is shown as a function of the classical mass parameter M 0 .
One observes that for small M 0 , the horizon is in agreement with the classical result. Finally, one notes that for very large values of M 0 the numerical value of the horizon saturates at constant r h which is given by the horizontal line in accordance with the G ≪ G 0 approximation (32). 
E. Black hole thermodynamics
After having gained knowledge on the horizon structure one can now turn towards the thermodynamic properties of the solution (19) (20) (21) . The temperature of a black hole with the metric structure (18) is given by
Leaving the horizon radius implicit one finds
Inserting the perturbative value for the horizon radius (30) one finds that the O(ǫ) corrections to the temperature cancel out and that the leading correction to the classical temperature enters at order ǫ
The transcendent structure of the solution does not allow to go straight forwardly beyond this O(ǫ) approximation. However, in the opposite limit the lapse function becomes polynomial again, and one can again explore the non-classical case considered above, (33), namely G ≪ G 0 and one finds from (29) that
And again, within this scenario, for the particular regime of interest (34) , the temperature converges to a constant,
for any finite ǫ, ℓ 0 . Those analytical results can again be compared to a numerical solution of (37) . In figure 3 the numerical temperature is shown as a function the parameter M 0 in comparison to the analytical and classical results. One finds that the temperature behavior as a function of M 0 is actually a rescaled version of the horizon radius in figure 2 . This is a particularity of the three dimensional case. One further sees that for small M 0 , the numerical curve of the new solution approaches the behavior of the classical BTZ case. However, in the opposite limit of large M 0 the temperature of the new solution saturates at the values given by the approximations (39 and 40). Another window for the understanding the thermodynamic properties of a black hole is its entropy. As it is well known from Brans-Dicke theory [70] [71] [72] [73] [74] , the entropy of black hole solutions in D + 1 spacetime dimensions with varying Newton's constant is given by
where h ij is the induced metric at the horizon r h . For the present spherically symmetric solution this integral is trivial. The induced metric for constant t and r slices is simply ds = rdφ and moreover G(x) = G(r h ) is constant along the horizon due to spherical symmetry. Therefore, the entropy for this solution is
We notice that the correction to the entropy is not of the form expected from many other quantum gravity programs, namely proportional to ln(A).
As expected, the entropy behaves differently in the two regimes highlighted above. Those two regimes can be addressed by the corresponding approximations ǫ ≪ 1 or G ≪ G 0 . For very small scale dependence effects (ǫ ≪ 1) one finds that the O(ǫ) contribution cancels out, leaving the classical BTZ entropy up to subleading corrections
and the entropy obeys the holographic principle according to the Bekenstein-Hawking law. This result can also be read directly from (42) in the limit of (1
The opposite limit is however much more interesting. If the condition (33) is satisfied, namely if the parameters satisfy (34) , the holographic principle is not fulfilled in its usual form. The black hole entropy is not any more proportional to the area, but rather the area times the horizon radius, which is of course due to the variation of G(r).
Indeed, by inserting (31) into (42) , the leading contribution to the entropy is
Moreover, in the regime M 0 G 0 ≫ 1, this further reduces to
This transition from an "area law" to an "area × radius law" is a very striking consequence of the simple assumption of allowing for scale dependent couplings. Actually, it can be shown that this feature occurs for all spacetime dimension d ≥ 3. Indeed, if the parameters of the scale-dependent Schwarzschild-AdS d solution satisfy a condition analogous to (33) , the leading term in the entropy of the black hole scales not as r Since the entropy (42) is directly given from the knowledge of the horizon radius r h it is straight forward to implement the graphical analysis of the approximations (32, 35) in comparison to the numerical result. This is done in figure 4 . One notes again that the classical behavior is dominant for small M 0 , while for large M 0 a different scaling behavior appears, which is given by the approximations (44) and (45) respectively. Lets now come back to the physical mass of the black hole M . As the discussion above showed, the classical mass parameter M 0 is actually only the mass of the black hole if
In general the physical mass differs from the mass parameter, M = M 0 , but it is a very difficult task to express it in a closed form. However, for the non-classical regime G ≪ G 0 considered above, we posses analytic expressions. What is the actual mass in this regime? This question can be answered by integrating the thermodynamic relation
which yields
where m is a constant of integration independent of M 0 , irrelevant for these purposes. This proves the statement claimed earlier, that for fixed values of ǫ, G 0 , ℓ 0 the limit of M 0 → ∞ implies, according to (48) , that the physical mass grows without bound as M ∼ M 0 → ∞, and nevertheless the horizon converges to the finite distance given in (35) . Since our initial input was the condition (14) , it would be very interesting to analyse this result in future studies in the context of the "Quantum Null Energy Conjecture" [75] [76] [77] [78] [79] .
F. Comparison to the four dimensional solution
In [52] the scale-dependent 3 + 1 black hole was considered. In both cases, the solution for Newton's coupling was of the form G(r) = G 0 /(1 + αr) with α an integration constant. This is not a coincidence: it can be readily shown that in any dimension the gravitational coupling takes this form [80] . Also, as shown above, both the three and four dimensional solutions develop a singularity of the curvature scalar at the origin. However, the effect mentioned after (48) was only discussed for the three dimensional solution. It might actually not be the case in four dimensions, because the mass plays a very different role in the three dimensional problem as it does in higher dimensions.
III. SUMMARY AND CONCLUSION
A possible scale dependence of the gravitational coupling introduces an additional contribution to the stress energy tensor of the generalized field equations (7). By imposing that the usual "null energy condition" is not modified by this contribution it is shown that in those cases any stationary solution with spherical symmetry necessarily follows the "Schwarzschild relation" g tt = −1/g rr ≡ f (r). Based on this observation an exact spherically symmetric black hole solution for three dimensionally gravity with scale dependent couplings is derived. It is shown that the functional form of f (r), of Newtons coupling G(r), and of the cosmological coupling ℓ(r) is completely determined by the field equations. The properties of the solution are analyzed from various perspectives. Particular attention is dedicated to a meaningful interpretation of the integration constants which is given in terms of the classical parameters G 0 , ℓ 0 , M 0 and one additional constant ǫ, that parametrizes the strength of scale dependence. Asymptotic spacetimes, horizon structure, and black hole thermodynamics are discussed in detail. It is found that the large r asymptotic is AdS 3 and that the r → 0 asymptotic has a singular behavior. It is found that for fixed values of ǫ, G 0 , ℓ 0 the horizon radius saturates for M 0 → ∞ to a finite value given by (35) . Although M 0 is not equal to the physical mass of the black hole in general, in the limit of G ≪ G 0 & G 0 M 0 ≫ 1 the physical mass M grows without bound as M 0 → ∞, while the radius of the horizon still converges to (35) . The analysis of the thermodynamics showed another novel result. Whereas for small black holes, the usual "area law" holds up to order O(ǫ), the opposite limit (which occurs when G(r) deviates strongly from G 0 ) follows an "area × radius law". This apparent deviation from the holographic principle is probably the most interesting feature of this new black hole solution with scale dependent couplings.
